GIRRAWEEN HIGH SCHOOL

2006

YEAR 12 HALF YEARLY
EXAMINATION

Mathematics Extension 2

General Instruoctions

¢ Reading time — 5 minutes

e Working time — 2 hours

e Write using black or blue pen

» Board-approved calculators may be used

¢ A table of standard integrals is provided
at the back of this paper

s All necessary working should be shown
in every question

» Marks may be deducted for careless or
badly arranged work

Total marks — 100

Attempt Questions 1 — 4
All quesuons are NOT of equal

© value

Start a separate piece of paper

- for each question.

Put you name and the ques’uon
number at the top of each sheet.



Total marks — 100

Attempt Questions 1 — 4

All.questions are NOT of equal value

Answer each question on a SEPARATE piece of paper clearly marked Question 1,
Question 2, etc. Each piece of paper must show your name.

Marks
Question 1 (29 marks) Use a separate piece of paper
a) Given that for the complex number z, lzl =2and argz = %7—2:-
(i) Express z in the form a + ib . 2
{11) Express z in the form a + ib 1
(iii) Express z° in the form a + b - 2
b) For the complex equation (5+3i)z% — (1-4i)z + (8- 2i)=0
(i) Show that the product of the roots is equal to 1—i ' 3
(i) Find the modulus of the product of the roots. I
(iii) Find the argument of the product of the roots. ' )
c) Find all the pairs of integers x and y such that (x + z'y)2 =5-12i 4
'dy () Onan Argand Diagram shade in the region containing all the points 3

representing complex numbers z such that both |z| <2 and -7?:- < arg(z +2)< g

(i1} - Find the possible values of [zl and argz for such complex numbers z. 3
e) Interpret geometrically the locus of z given that arg(z — 2) =-7-;— 4
Z+
)
' ]'_rr(z)‘l

» 4 R(zz)

I Re(z)

In the diagrarﬁ above P and Q represent the complex numbers z and z, respectively.
A is the point (1,0). The triangle OQR is constructed similar to triangle QAP,
Let R represent the complex number z,

_ (i} Show that ]z3| = Iz]"zz[ N ‘ 2
(i) Show that argz; = argz, +argz, 2
(i51) What does this tell you about the relationship between z,,z, andz,? 1

S




Question 2 (29 marks) Use a separate piece of paper ~ Marks

2 2 .
a) P(x,y,) is a point on the ellipse % + 9;— =1 which has foci at § and §".

(i) Determine the eccentricity of the ellipse. 2
(i1} Find the coordinates of §' and S’ and also the equation of the directrices. 2
(iii) Prove that PS+PS" ‘=4 ' 2

(iv) Show that the equation of the tangent at P is — X4 yyl =1 3

v(v) This tangent meets the nearer directrix at R. If S is the nearer focus to P prove 4
that ZPSR = 90 o

b) P(x,y ) is a point on the hyperbola 9x* —16y* =144.

(i) Write down the equation of the tangent at P. | . 1
(i) Find the coordinates of 0, the point where the tangent cuts the x axis. 1
SP S0 )

(ii1) Show that P = S0 where § and §’ are the foci of the hyperbola 4

c¢) The hyperbola H has the equation xy = ¢2. P[cp,ij and Q[cq,ﬁj are points
p q

on the hyperbola Hwherep>0,g>0andc>0.

(i) Prove that the equation of the tangent at Pis x+ p*y =2cp 3
ZCpq _2c

(il) Show that the tangents at P and O meet at T 3
P+q p+g

(iii) Suppose further that PQ is perpendicular to OT produced, where O is the origin. 2
" Express g in terms of p. :

(iv) Find the locus of 7, stating any restrictions that may exist. ' 2

Question 3 (26 marks) Use a separate piece of paper
a) If 2x*+9x® +6x> —20x—24 = 0 has a triple root, find all of the roots. - 4

b) Given that @, fand ¥ are the roots of %° —x* +5x—3 =0, find;

& a*+p+y - | 3
@) AP+ By I
) The equation x° +3ax+b=0 has two equal roots. 4

Prove that b +4a° = 0



Question 3...continued ' " Marks
d) The equation 2x% +3x*+x~5=0 has roots &, fand ¥ . 4
Find an equation with roots &*, #* and 3*
'ej (i) Use De Moivre’s Theorem to show that cos56 = 16cos® - 20cos® 8 +5 cosd 3
(i) Hence solve 16x* —20x*+5=0 3

. . T 3z -
(iii) Hence determine the exact value of cos®>—cos>— 2

10

Question 4 (16 marks) Use a separate piece of paper

d) ABCD is a cyclic quadrilateral. CD is produced to E. P is a point on the circle such
- that PA=PC. = '

E
(i) Prove that PD bisects ZADE 4
(i) If ZBAP =90" and ZAPD =90, explain where the centre of the circle 2
is located.
b) (i) On the same diagram sketch the graphs of x* +y® =1 and x* -y’ =1, 3

clearly showing the coordinates of any points of intersection with the axes and
the equations of any asymptotes.

(i) Shade the region where the inequality (x2 +y* - Isz ~y* —1) <0 2

¢) In the Pascal triangle, a row consists of the integers [g] [T} (Z}(nJ
n 8
n n n n '

Let p, = XX XX

r) _._m 5
n—1 n—F
[ }‘ ]

) n

L —

pn—-l (n - 1)1

(i} Show that

(i.) Prove that




STANDARD INTEGRALS

_[x“dx =——1—~'x"+1, nz-Lxz0, if n<0
n+l
=
I—dx =lnx, x>0
X
ax l ax
je dx =—e", a=0
a
. 1
Icosaxdx =—ginax, a0
a
. 1
J-sm axdx —=——cosax, ax0
a
5 1
Jsec ax dx =—tanax, a=0
a

1
Isecaxtanaxdx =—secax, a=0
a

1 |
J' —— dx ==tan" =, a#0
a +x a a
i - L g X
J—-——dx =sin"—, a>»0, —a<x<a
al_x2 a .

J'—*%dx =ln(x+\!x2—a2). x>a>0

J.Tl?dx ——-ln(x+~dx2+a2)

NOTE: Inx=1logx, x>0
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